The dual solution is optimal in the dual to problem (1) and the following primal solution xij, (i,j)ea is also optimal in (1) if and-only if
(i,j)ea 1 (k,i)ea
The primal-dual algorithm maintains (2b), (2c), (2d) at each iteration while trying to attain the feasibility condition (2a). The out-of-kilter algorithm takes the opposite approach and maintains only (2a) and seeks to attain the others.
The details of the out-of-kilter algorithm are well known (see Fulkerson [6] , Smonnard [15] ), and we omit further details except to mention that the maximal flow labelling algorithm is used iteratively to monotonically reduce the infeasibilities or lack of complementary slackness in the arcs (i,j) violating conditions (2.b), (2.c), (2.d).
We give more detail about the primal-dual algorithm for the circulation problem (1) in order to show how it can be integrated with subgradient optimization methods.
The primal-dual algorithm starts with any dual solution uR m .
The arc set a is partitioned into three sets relative to u To this end, define
The selection of the xij,(i,j) sa°(u) is according to the phase one network optimization problem
Problems of this type can be solved by the maximal flow labeling algorithm; e.g., see Johnson [101.
As a result of the upper bound substitutions for (i,j) Ea(u) Ua+(u) and the maximal flow calculation, we have a primal solution x to the circulation problem which satisfies along with u all of the conditions (2) except probably (2a). If this solution satisfies the circulation
equations (2a), or equivalently, if the minimal objective function value in (3) is zero, then it is optimal.
When the minimal objective function value in (3) is greater than zero, then by necessity we have an optimal solution vO to the dual of (3) which satisfies the following conditions 
(ij) Ea°(u) 13 i=l,.. m. 
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where JIvkI denotes Euclidean normand < k < 2 for > 0 (Poljak [14] ).
The subgradient optimization approach to solving the circulation problem (1) requires less work at each dual solution u than the primal-dual because it does not require a reoptimization of the maximal flow problem (3) to obtain a new primal solution and direction of change v,and it does not require the calculation of 0* to obtain the new dual solution u + * v. It does require some sorting of the arcs at each dual solution to determine the sets a-(u), a°(u) and a+(u), but the primal-dual requires some sorting to compute 0*. The out-of-kilter algorithm requires less sorting of the arcs because it can work with any out-of-kilter arc at each iteration, rather than requiring the most out-of-kilter arc although the latter arc is the most desirable to work on.
The implementation of subgradient optimization requires artistry which we will not go into here but refer the reader to [5, 8, 9, 12] . Note that at each dual solution u, the algorithm has the option of taking a subgradient optimization step or a primal-dual step, depending on recent performance of the two methods on the problem.
